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Abstract
A couple of results on the odd-primary Adams 2-line elements are recorded here:
First, the odd-primary Kervaire invariant one element θj ∈ pisqpj+1−2(S0) is shown not to factor
through the double transfer unless j 6 2 (respectively j = 0) when p= 3 (respectively p > 5).
Second, the odd-primary ηj element is shown to have (a nonzero multiple of) β1 as its James–Hopf
invariant. Ó 2000 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction
The Adams spectral sequence [1] has been the main tool to study the stable homotopy
groups of the spheres. While the Adams 1-line elements were completely analyzed by the
celebrated Adams–Hopf invariant one theorem [2] and its odd-primary analogue [51,29],
Adams 2-line elements are still a mystery:
Although the global result due to Barratt, Mahowald and Tangora [33,7] (for p = 2) and
Miller, Ravenel and Wilson [37] (for p odd) claims, up to finite exceptions, only θj ’s and
ηj ’s are possible infinite cycles, the current state of our knowledge is still incomplete:
p 2 3 5
θj ??? ?? No (Ravenel [48])
ηj Yes (Mahowald [31]) ?? ?
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Here these elements are represented in the Adams E2-term as follows:
p 2 odd
θj h
2
j
bj = 〈hj , . . . , hj 〉︸ ︷︷ ︸
p
ηj h1hj h0hj
(Unfortunately, as was noticed by the author around 1992, the paper of R. Cohen and
Goerss [13], which claimed the existence of the odd-primary ηj ’s, contains a fatal gap:
Contrary to their claim, the top diagram on p. 186 of [13] does not commute; it commutes
only up to a map of positive Adams filtration.)
Now the purpose of this paper is to record the author’s partial knowledge of these
mysterious infinite families for the odd-primary situation.
Theorem 3.1. If the p-primary Kervaire invariant one element bj ∈ pisqpj+1−2(S0) exists
and factors through the double transfer P ∧P → S0, then j 6 2 (respectively j = 0) when
p = 3 (respectively p > 5).
Theorem 4.1. Suppose the odd-primary ηj element exists. Then
(i) Its sphere of origin is S2(pj−p)+3.
(ii) Any pre-image of ηj in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3) is sent to a nonzero
multiple of a desuspension of β1 by the James–Hopf invariant H .
(iii) Conversely, any element in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3), which is sent to a
nonzero multiple of a desuspension of β1 by the James–Hopf invariantH , stablizes
to (a nonzero multiple of) ηj .
Theorem 3.1 is the odd-primary analogue of the main result in [41]. Note that the only
new result in Theorem 3.1 is the case p = 3 because of Ravenel’s work [48]. However,
the prime p = 3 appears to be the most mysterious one as of now, because it is the only
prime where neither the Kervaire invariant one elements nor the Mahowald elements are
understood (see the first table).
Theorem 4.1 may be regarded as an odd-primary analogue of [30], which claims the 2-
primary ηj element has ν as its Hopf invariant. Our argument can be generalized to obtain
a simpler proof of this result (see Appendix A). However, in spite of such a similarlity,
Theorem 4.1 has the following somewhat unexpected consequence:
Proposition 5.5. Suppose an odd-primary ηj element exists. Then there exists a stable
map
η¯j :S
q(pj+1)−2→ P (q(pj+1)−2)−(qp−2)= Pq(pj−p+1),
whose composite with the canonical pinch map Pq(pj−p+1)→ Sq(pj−p+1) is a nonzero
multiple of β1.
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Furthermore, any such η¯j is detected by the Hurewicz map with respect to the spectrum
EOp−1 of Hopkins–Miller [19].
The point is that, unlike Theorem 3.1, Proposition 5.5 does not have a 2-primary
analogue. Some possible implications and speculations surrounding this proposition are
discussed in Section 5, where the following problem is presented:
Question 5.7. Can (EOp−1)∗(EOp−1)-cooperations impose any restrictions
η¯j ∈ pis∗
(
Pq(p
j−p+1))
constructed in Corollary 5.5? More generally, can we impose any useful restriction on the
EOp−1-Hurewicz image
pis∗
(
Pq(p
j−p+1))→ (EOp−1)∗(Pq(pj−p+1)),
using (EOp−1)∗(EOp−1)-operations?
Notation 1.1. H∗ (respectively H ∗) always stands for the mod p homology (respectively
cohomology).
q = 2(p− 1),
P =Σ∞BΣp,
L=Σ∞BZ/p.
If ρ is an element of the Steenrod algebra, then ρ∗ is the dual Steenrod operation, given by
the Kronecker pairing
〈ρ∗α,β〉 = 〈α,ρβ〉,
where α and β are (mod p) homology and cohomology elements, respectively.
Let c be a fixed generator of H 2(CP∞), y2i ∈ H2i (CP∞) be the dual of ci ∈
H 2i(CP∞), and xqk−1 ∈Hqk−1(P ) be the image of yqk−2 under the composite
Hqk−2(CP∞)∼=Hqk−1(ΣCP∞)→Hqk−1(BZ/p)→Hqk−1(P ),
where the first map is the suspension isomorphism, the second map is the S1-transfer, and
the third map is induced by the inclusion Z/p→ Σp . Let xqk ∈ Hqk(P ) be the unique
element such that β∗xqk = xqk−1.
BP∗ = Z(p)[v1, v2, . . .],
A∗ = P(ξ1, ξ2, . . .)⊗E(τ0, τ1, . . .), with |ξn| = 2(pn − 1) and |τn| = 2pn − 1,
Ext∗,∗A∗
(
Z/p,H∗(BP)
)∼= Ext∗,∗E∗ (Z/p,Z/p)= Z/p[u1, u2, . . .],
where ui ∈ Ext1,2p
i−1
E∗ (Z/p,Z/p) is expressed as [τi] in the cobar complex, and
corresponds to the usual (Hazewinkel [20] or Araki [4], whichever) generator vi ∈ BP2pi−2
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(respectively p) when i > 1 (respectively i = 0).E〈k〉 is the exterior quotient Hopf algebra
of A∗, generated by τ0, . . . , τk , whose notation is intended to suggest
Ext∗,∗A∗
(
Z/p,H∗
(
BP〈k〉))∼= Ext∗,∗E〈k〉∗(Z/p,Z/p).
For any spectrum X,
PH∗(X)≡ Ext0,∗A∗
(
Z/p,H∗(X)
)
,
the set of primitive elements in H∗(X).
2. Some elements in PH∗(P ∧ P)
In this section, we study PH∗(P ∧ P) for ∗ = qpj+1 − 2. We remark that there is
a related general (but rather substantial for our purpose) treatment of the subject by
Crossley [14].
Lemma 2.1.
(i) Pa∗ (xqm−1)=
(
(p−1)(m−a)−1
a
)
xq(m−a)−1.
(ii) Suppose 0< a < pj . Then Pa∗ (xqpj l−1)= 0.
(iii) Suppose 16 l 6 p− 1. Then Ppj∗ (xqpj l−1)= (p− l)xqpj (l−1)−1 6= 0.
(iv) Suppose 06 a < pj . Then Pa∗ (xq(pj l+a)−1)=
(
pj−1
a
)
xqpj l−1 6= 0.
Proof. (i) Let P be the total Steenrod operation. Then for c(p−1)k−1 ∈Hqk−2(CP∞), we
have
P(c(p−1)k−1)= (c+ cp)(p−1)k−1 = c(p−1)k−1(1+ cp−1)(p−1)k−1.
Therefore, we have
Pa(c(p−1)k−1)= ((p− 1)k− 1
a
)
c(p−1)(k+a)−1.
Dually, this implies
Pa∗ (yqm−2)=
(
(p− 1)(m− a)− 1
a
)
yq(m−a)−2 ∈Hq(m−a)−1(ΣCP∞).
Now the claim follows by applying the S1-transfer.
Now (ii)–(iv) are immediate consequences of (i):
(ii) We only have to consider the case a = pr with r < j . Then just notice (p − 1) ·
(pj l − pr)− 1≡ pr − 1 (mod pr+1).
(iii) Just notice (p− 1)(pj l − pj )− 1≡ (p− l)pj + (pj − 1) (mod pj+1).
(iv) Just notice (p− 1)pj l − 1≡−1≡ pj − 1 (mod pj ). 2
As an easy consequence, we have
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Lemma 2.2.
(i) Any element in PHqN−2(P ∧ P) is of the form∑
16k6N−1
ckxqk−1⊗ xq(N−k)−1.
(ii) In (i), the smallest k such that ck 6= 0 is of the form k = pi for some i .
Proof. (i) This follows from the fact that H∗(P ) 6= 0 only if ∗ ≡ −1 or −2 mod q =
2(p− 1).
(ii) This is an immediate consequence of Lemma 2.1(iii), (iv) and the Cartan formu-
la. 2
Proposition 2.3. PHqpj+1−2(P ∧ P) is spanned by∑
16i6p−1
(1/i)xqpj i−1 ⊗ xqpj(p−i)−1.
Proof. This is proved in four steps:
Step 1:∑
16i6p−1
(1/i)xqpj i−1 ⊗ xqpj(p−i)−1 ∈ PHqpj+1−2(P ∧ P).
This is an immediate consequence of Lemma 2.1 and the Cartan formula.
Step 2: For any∑
16k6pj+1−1
ckxqk−1⊗ xq(pj+1−k)−1 ∈ PHqpj+1−2(P ∧ P),
ck 6= 0 only if k is of the form pj i with 16 i 6 p− 1.
Suppose not. Then we may assume that, by changing the order of factors if necessary,
there is such a
θ =
∑
16k6pj+1−1
ckxqk−1⊗ xq(pj+1−k)−1 ∈ PHqpj+1−2(P ∧ P)
such that there are some 16 i 6 p− 1 and 0< a < pj with cpj i+a 6= 0 and ck = 0 for any
pj i < k < pj i + a.
Then, we immediately seePa∗ (θ) 6= 0, asPa∗ (θ) contains a nonzero multiple of xqpj i−1⊗
xqpj(p−i)−1 from Lemma 2.1(ii), (iv) and the Cartan formula.
Step 3: Any element in PHqpj+1−2(P ∧ P), which is of the form∑
26i6p−1
c′ixqpj i−1 ⊗ xqpj (p−i)−1,
is trivial.
Of course, this is an immediate consequence of Lemma 2.2(ii).
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Step 4: Any element∑
16k6pj+1−1
ckxqk−1⊗ xq(pj+1−k)−1 ∈ PHqpj+1−2(P ∧ P)
is a multiple of ∑16i6p−1(1/i)xqpj i−1 ⊗ xqpj(p−i)−1.
From Step 2, we may assume ck 6= 0 only when k = pj i, 16 i 6 p− 1. As∑
16i6p−1
1
i
xqpj i−1 ⊗ xqpj (p−i)−1 ∈ PHqpj+1−2(P ∧ P)
by Step 1, we may subtract some multiple of
∑
16i6p−1(1/i)xqpj i−1⊗xqpj (p−i)−1 to kill
the coefficient of xqpj−1⊗ xqpj (p−1)−1, which will give an element in PHqpj+1−2(P ∧ P)
of the form∑
26i6p−1
c′ixqpj i−1 ⊗ xqpj (p−i)−1.
But, we already know that this is trivial by Step 3. This proves Step 4, and thus the proof
of (i) is complete. 2
3. The odd-primary Kervaire invariant one elements
Let bj be the p-fold Massey product 〈hj , . . . , hj 〉. In terms of the cobar complex, we
have [28]
bj =
∑
16i6p−1
1
p
(
p
i
)[
ξ
pj i
1
∣∣ξpj (p−i)1 ] ∈ Ext2,qpj+1A∗ (Z/p,Z/p).
Even when p is odd, we use the notation θj to denote any element in pis∗(S0) which is
represented by bj . This is because many similarities are known between this element and
the (original 2-primary) Kervaire invariant one element [48,44].
Now the purpose of this section is to prove the following:
Theorem 3.1. If the p-primary Kervaire invariant one element θj ∈ pisqpj+1−2(S0) exists
and factors through the double transfer P ∧P → S0, then j 6 2 (respectively j = 0) when
p = 3 (respectively p > 5).
Remark 3.2.
(i) When p is odd, θ1 does not exist as a consequence of the Toda’s differential [56,57],
but θ2 exists when p = 3 (see [49]). On the other hand, for p > 5, θj does not exist
when j > 1, by Ravenel [48]. Thus the only new result here is the case p = 3.
(ii) The method of the proof is along the same lines as our previous papers [41–43].
However, a harder calculation (see the proof of Lemma 3.4(ii)) is needed here.
We first prepare a few lemmas.
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Lemma 3.3.
(i) The Adams spectral sequence
Ext∗,∗A∗
(
Z/p,H∗(BP∧ P ∧ P)
)⇒ BP∗(P ∧ P)
collapses.
(ii) The Z/p[u0, u1, u2]-module structure on the even-dimensional stem degree (σ =
t − s) part of Ext∗,∗E〈2〉∗(Z/p,H∗(P ∧ P)) is given by the Z/p[u2]-module isomorp-
hism
Ext∗,∗+evenE〈2〉∗
(
Z/p,H∗(P ∧ P)
)∼=⊕
k,l
Z/p{xqk−1 ⊗ xql−1} ⊗Z/p[u2]
and the actions
u0(xqk−1 ⊗ xql−1)= u2
( ∑
16i6p
xq(k−i)−1⊗ xq(l−p−1+i)−1
)
u1(xqk−1 ⊗ xql−1)=−u2
( ∑
06i6p
xq(k−i)−1⊗ xq(l−p+i)−1
)
.
Proof. (i) This is proved more generally in [23,22], using the solution of the Conner–Floyd
conjecture [50,45], though this particular case would follow from [28].
(ii) This may be shown like Lemma 1.1 in [41]. Alternatively, this is a special case of
Proposition 2.3 in [43]. 2
Lemma 3.4.
(i) The order of any element Θ ∈ BPqpj+1−2(P ∧ P), which hits∑
16i6p−1
1
i
xqpj i−1 ⊗ xqpj (p−i)−1 ∈Hqpj+1−2(P ∧ P)
by the Thom reduction, is a multiple of
p[(qpj−1)/qp]+1 =
{
p(p
j−1), if j > 1,
p, if j = 0.
(ii) When j = 1, the order of such an element is precisely equal to pp−1.
Proof. (i) This may be proved exactly as Proposition 1.2 in [41]. Alternatively, this follows
from [43].
(ii) Now, we assume j = 1 and turn to the proof of (ii). We first notice that the order of
Θ divides pp−1. This is because, by Lemma 3.3(ii), up−10 Θ is expressed in the form
u
p−1
2
(∑
λ
cλxqkλ−1 ⊗ xqlλ−1
)
in Ext∗,∗E〈2〉∗(Z/p,H∗(P ∧ P)), so that either kλ or lλ becomes nonpositive by the degree
reason. (Remember j = 1.)
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Then, by Lemma 3.3(i), it is enough to show
u
p−2
0
( ∑
16i6p−1
1
i
xqpi−1⊗ xqp(p−i)−1
)
= up−22
(
xq−1 ⊗ xq(p+1)−1+ sum of terms of the formxqk−1⊗ xql−1 with k > 2
)
.
In other words, we will show the coefficient of xq−1⊗ xq(p+1)−1 in
u
p−2
0
∑
16i6p−1
1
i
xqpi−1⊗ xqp(p−i)−1
is 1.
For this purpose, we write an element un2xqk−1⊗ xql−1 multiplicatively as Xqk−1Y ql−1,
dropping the u2-power for simplicity. With this convention, according to Lemma 2.1, the
u0-multiplication is interpreted as multiplication by
∑
16j6p X
−qj Y−q(p+1−j). Thus, we
must show the coefficient of Xq−1Y q(p+1)−1 in( ∑
16i6p−1
1
i
Xqpi−1Y qp(p−i)−1
)( ∑
16j6p
X−qj Y−q(p+1−j)
)p−2
is 1. However, this product is easily seen to be
X2q−1Y qp−1
(
1+ 1
2
t−p + · · · + 1
p− 1 t
−p(p−2)
)
(1+ t + · · · + tp−1)p−2,
where t = (Y/X)q . Thus, it suffices to show ∑16i6p−1(1/i)Ci ≡ 1 (mod p) for 16 i 6
p− 1, where Ci is the coefficient of tp(i−1)+1 in
(1+ t + · · · + tp−1)p−2 = (1+ t + · · · + tp−1)p
(
1− tp
1− t
)−2
= (1+ tp + · · · + tp(p−1))(1+ 2tp + 3t2p + · · ·)(1− 2t + t2).
Noticing that only−2t contributes to Ci from the last factor, we see Ci =−2(i+ (i−1)+
· · · + 1)=−i(i + 1). Thus∑
16i6p−1
1
i
Ci = 1−
∑
06i6p−1
(i + 1)≡ 1− 0= 1 (mod p),
as was required. 2
Finally, we recall [41,43] that the BP-Adams operations ψp+1 [46,5] may be used to
obtain an upper bound for the BP-order of elements in the (even degree) BP-Hurewicz
image of P ∧ P :
Lemma 3.5. The order of any element in
Ker(ψp+1 − 1)∣∣BP
qpj+1−2(P∧P)
divides pj+2 .
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Proof of Theorem 3.1. Suppose θj exists and lifts to θ˜j ∈ pisqpj+1−2(P ∧ P); let Θj be
the BP-Hurewicz image of θ˜j and nj be the order of Θj .
As θj is detected in Ext2,qp
j+1
A∗ (Z/p,Z/p) and the double transfer has (classical) Adams
filtration 2, the mod p Hurewicz image of θ˜j is nontrivial. Then, Proposition 2.3(ii) implies
it should be a nonzero multiple of
∑
16i6p−1(1/i)xqpji−1 ⊗ xqpj (p−i)−1. So Lemma 3.4
forces
p(p
j−1)|nj when j > 2, and pp−1|n1.
On the other hand, as Θj ∈Ker(ψp+1 − 1)|BP
qpj+1−2(P∧P), Lemma 3.5 implies
nj |pj+2.
Combining these two, we get pj−1 6 j + 2 when j > 2, and p − 16 3 when j = 1. But,
this happens only if j 6 2 when p = 3, and j = 0 when p > 5. 2
4. The odd-primary Mahowald’s ηj elements
As was indicated in the introduction, the problem of whether the odd-primary ηj
elements exist or not is still completely open. The purpose of this section is to study
this mysterious element. To state our result, let (S2n)p−1 be the image of (S2n)p−1 in
the reduced product (S2n)∞ (
'→ΩS2n+1) [21] of S2n. Then, as was noticed by James and
Toda (see Theorem 2.4 in [58]), there is a fiber sequence at p:
(S2n)p−1
E→ΩS2n+1 Hp−→ΩS2pn+1,
where E is induced by the inclusion (S2n)p−1→ (S2n)∞ ( '→ ΩS2n+1), and Hp is the
James–Hopf map. Just like the usual EHP sequence, denote the connecting homomorphism
in homotopy by
P :pi∗+1(S2pn+1)→ pi∗−1
(
(S2n)p−1
)
.
Now the following is the main result in this section:
Theorem 4.1. Suppose the odd-primary ηj element exists. Then we have the following:
(i) its sphere of origin is S2(pj−p)+3,
(ii) any pre-image of ηj in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3) is sent to a nonzero
multiple of a desuspension of β1 by the James–Hopf invariant Hp,
(iii) conversely, any element in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3), which is sent to
a nonzero multiple of a desuspension of β1 by the James–Hopf invariant Hp ,
stabilizes to (a nonzero multiple of) ηj .
Corollary 4.2. The odd-primary ηj exists if and only if P(β1)= 0, where
P :pi(q(pj+1)−2)+2(pj−p+1)+1(S2p(p
j−p+1)+1)∼= pisqp−2(S0)
→ pi(q(pj+1)−2)+2(pj−p+1)−1
(
(S2(p
j−p+1))p−1
)
.
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From the commutativity of the diagram
Ω2S2n+1
jp
Q(Σ2np−2M(p))
Q(pinch)
Ω2S2n+1 Ω(Hp) Ω
2S2np+1 stabilization QS
2np−1
which was shown in [11,27], Theorem 4.1 follows immediately from the following:
Theorem 4.3. Suppose the odd-primary ηj element exists. Then
(i) Its sphere of origin is S2(pj−p)+3.
(ii) Any pre-image of ηj in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3) is sent to (a nonzero
multiple of) an extension of β1 by the James–Hopf–Snaith invariant
(jp)∗ :pi(q(pj+1)−2)+2(pj−p)+1(Ω2S2(p
j−p)+3)→ pisqp−1
(
M(p)
)
.
(iii) Conversely, any element in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3), which is sent to
(a nonzero multiple of) an extension of β1 by the James–Hopf–Snaith invariant jp ,
stabilizes to (a nonzero multiple of) ηj .
Recall Adams’ [3] cell decomposition of the spectrum Σ∞BΣp, with one cell in each
positive dimension≡ 0,−1 mod q . For the remainder of this paper, we fix this cell decom-
position of Σ∞BΣp , and we set
(BΣp)
a
b := (BΣp)a/(BΣp)b−1,
where (BΣp)n is the n skeleton of Σ∞BΣp . Similarly, using the standard cell decompo-
sition of BZ/p with one cell in each dimension, we set
(BZ/p)ab := (BZ/p)a/(BZ/p)b−1,
where (BZ/p)n is the n skeleton of Σ∞BZ/p.
Then the first step toward the proof of Theorem 4.3 is the following:
Proposition 4.4.
(i) Through dimensions < (p+ 1)(2k+ 1)+ (p− 3),
S2k+1→Ω2mΣ2m(S2k+1) jp−→Q(Dp(R2m,S2k+1)),
where the first map is the canonical inclusion and jp is the pth James–Hopf map, is
homotopic to a fibration.
(ii) For i < p(2k + 1)+ (p− 3), we have a long exact sequence
· · ·pii+(2k+1)(S2k+1) Σ
2m−→ pii+(2(k+m)+1)(S2(k+m)+1)
jp−→ pisi
(
(BΣp)
q(m+k)
q(1+k)−1
)→ pi(i−1)+(2k+1)(S2k+1)
Σ2m−→ pi(i−1)+(2(k+m)+1)(S2(k+m)+1) jp−→ pisi−1
(
(BΣp)
q(m+k)
q(1+k)−1
)→ ·· · .
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This may be regarded as an odd-primary analogue of a result of Toda [58, Theorem 11.7].
However, our proof given here is more or less in the same spirit as that of a later result of
Milgram [36], and the author believes that this is well known to experts. However, since it
appears that this has never appeared in print and since the proof is more complicated than
Milgram’s 2-primary situation (as it requires F. Cohen’s calculation [10] and the Snaith
splitting [53]), we give a proof here for readers’ convenience.
For this purpose, we first recall the Snaith splitting [53], following [11], [27], [12,
Appendix]. For any space X with a basepoint ∗, we have May’s approximation [35]
C(Rn,X)
g← CnX αn−→ΩnΣnX,
where g is always a homotopy equivalence [10, p. 485] and αn is so if X is connected [35].
Here,
C(Rn,X) :=
∐
l>1
F(Rn, l)×Σl Xl/∼,
where F(Rn, l) is the set of l-tuples of distinct points of Rn and the equivalence relation
∼ is generated by [(p1, . . . , pl), (x1, . . . , xl−1,∗)] ∼ [(p1, . . . , pl−1), (x1, . . . , xl−1)]. Set
FjC(Rn,X) := the image of
∐
j>l>1
F(Rn, l)×Σl Xl in C(Rn,X) and
Dj(Rn,X) := FjC(Rn,X)/Fj−1C(Rn,X)= F(Rn, j)+ ∧Σj X[j ],
where X[j ] denotes the j -fold smash product of X.
Then the Snaith splittingΣ∞ΩnΣnX '∨l>1Σ∞Dl(Rn,X) is induced by the James–
Hopf maps jl :C(Rn,X)→ C(R∞,Dl(Rn,X)) such that
jl|FlC(Rn,X) :FlC(Rn,X)→C
(
R∞,Dl(Rn,X)
)
is homotopic to the composite of the canonical quotient FlC(Rn,X)→Dl(Rn,X) and the
canonical inclusion Dl(Rn,X)→ C(R∞,Dl(Rn,X)) (cf. [12, Appendix]).
Now set n= 2m, X = S2k+1, and localize everything at p. Then we have an important
property
Dj(R2m,S2k+1)' ∗, if j 6≡ 0,1 mod p.
This follows from Theorem 3.2 (p. 226) and Lemma 3.8 (p. 227) in [10], because there is
no basic λn-products other than the fundamental class of S2k+1 in this case (cf. [10, III,
Section 2]). Furthermore, we have a stable homotopy equivalence
Dp(R2m,S2k+1)'Σ2k+1(BΣp)q(m+k)q(1+k)−1,
which is induced by the composite
Dp(R2m,S2k+1)= F(R2m,p)+ ∧Σp (S2k+1)[p]
t−→ F(R2m,p)+ ∧Z/p (S2k+1)[p] c−→EZ/p+ ∧Z/p (S2k+1)[p]
∼=Σ2k+1(BZ/p)(2k+1)(p−1) i−→Σ2k+1(BΣp)q(1+k)−1,
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where t is the transfer, c is induced by the classifying map F(R2m,p)→ EZ/p of a
free Z/p space, and i is induced by the canonical inclusion Z/p → Σp . In fact, the
homology calculations of [10] cited above indicate that this composite factors through
(BΣp)
q(m+k)
q(1+k)−1, which turns out to be a mod p homology equivalence. (Note: Kuhn
pointed out to the author that he had shown in [27, Corollary 1.4] that the above stable
homotopy isomorphism may be in fact taken as an unstable homotopy equivalence.)
Now we are ready to prove Proposition 4.4.
Proof of Proposition 4.4. By the classical Blakers–Massey theorem, the cofibration
sequence
S2k+1→ FpC(R2m,S2k+1)→ FpC(R2m,S2k+1)/S2k+1
is homotopic to a fibration through dimensions < (2k + 1) + (2pk + 2p − 2) − 1 =
(p+ 1)(2k+ 1)+ (p− 3), because
FpC(R2m,S2k+1)/S2k+1 'Dp(R2m,S2k+1)'Σ2k+1
(
BΣp
)q(m+k)
q(1+k)−1
is 2k + 1+ q(1+ k)− 1− 1= (2pk + 2p − 2)− 1 connected. (Here the first homotopy
equivalence follows from Dj (R2m,S2k+1)' ∗, 26 j 6 p− 1.)
Also, by the above remark about the Snaith splitting, we have the following homotopy
commutative diagram
FpC(R2m,S2k+1) FpC(R2m,S2k+1)/S2k+1 'Dp(R2m,S2k+1)
C(R2m,S2k+1)
'
jp
C(R∞,Dp(R2m,S2k+1))
'
Ω2mΣ2m(S2k+1)
jp
Q(Dp(R2m,S2k+1))
where all the unnamed maps are obvious ones. We now claim that we may replace the
top horizontal map by the bottom horizontal map up to homotopy through dimensions
< (p+ 1)(2k+ 1)+ (p− 3).
Actually, the left vertical map FpC(R2m,S2k+1) → C(R2m,S2k+1) is a homotopy
equivalence through dimensions < (2k + 1)+ (2pk + 2p − 2)− 1 = (p + 1)(2k + 1)+
(p − 3), because the first nonzero mod p homology of its cofiber occurs in dimension
(2k + 1)+ (2pk + 2p − 2) according to Theorem 3.2 (p. 226) and Lemma 3.8 (p. 227)
in [10]. Similarly, the right vertical map Dp(R2m,S2k+1)→ C(R∞,Dp(R2m,S2k+1))
is a homotopy equivalence through dimensions < 2((2k + 1) + q(1 + k) − 1) − 1 =
2p(2k+ 1)+ (2p− 5).
Now (i) follows immediately. (ii) follows from (i) and the stable homotopy equivalence
Dp(R2m,S2k+1)'Σ2k+1(BΣp)q(m+k)q(1+k)−1. 2
Suppose m= 1 in Proposition 4.4(ii). Then we have the following long exact sequence
for i < p(2k + 1)+ (p− 3):
N. Minami / Topology and its Applications 101 (2000) 231–255 243
· · ·pii+(2k+1)(S2k+1) Σ
2−→ pii+(2k+3)(S2k+3) jp−→ pis(i+1)−q(1+k)
(
M(p)
)
→ pi(i−1)+(2k+1)(S2k+1) Σ
2−→ pi(i−1)+(2k+3)(S2k+3) jp−→ pisi−q(1+k)
(
M(p)
)→·· · ,
where M(p) is the mod p Moore spectrum with H0(M(p);Z(p))∼= Z/p. This is the long
exact sequence we must work with to prove Theorem 4.3.
Now, to prove Theorem 4.3, we must show the following two properties:
(1) ηj ∈ pisq(pj+1)−2(S0) comes from pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3).
(2) For any lift of ηj in pi(q(pj+1)−2)+2(pj−p)+3(S2(p
j−p)+3), its James–Hopf invariant
in pisqp−1(M(p)) is the extension of β1, i.e., its image under the pinch map
pisqp−1
(
M(p)
)→ pisqp−1(S1)∼= pisqp−2(S0)
is a nonzero multiple of β1.
Actually, applying Proposition 4.4(ii) with i = q(pj +1)−2, k = pj −p+1, m=∞,
we find (1) is an immediate consequence of the following easy lemma:
Lemma 4.5. pis
q(pj+1)−2((BΣ)
∞
q(pj−p+2)−1)= 0.
Proof. Since (q(pj + 1)− 2)− (q(pj − p + 2)− 1)= (qp − 2)− (2(p − 2)+ 1), the
j -Hurewicz map
pis
q(pj+1)−2
(
(BΣ)∞
q(pj−p+2)−1
)→ jq(pj+1)−2((BΣ)∞q(pj−p+2)−1),
which is by definition the Hurewicz map for the connective j -spectrum, is an isomorphism.
But it is easy to see jq(pj+1)−2((BΣ)∞q(pj−p+2)−1)= 0 (see [54, (3.7)] for instance). 2
On the other hand, to prove (2), we need more detailed analysis of the James–Hopf
invariant jp. For this purpose, a geometric idea may be found in a paper of F. Cohen [12].
Let W(n) be the homotopy theoretic fiber of the double suspension E2 :S2n−1 →
Ω2S2n+1, and let Hn :Ω3S2n+1 → W(n) be the induced map of the fiber. Then, using
the fact that the composite S2n−1 E
2−→Ω2S2n+1 jp−→Q(Σ2np−2M(p)) is null-homotopic,
a map Cn :W(n)→ Q(Σ2np−3M(p)) was defined in [12] as the induced morphism of
fibration sequences
Ω3S2n+1
Ωjp
Hn
W(n)
Cn
S2n−1 E
2
Ω2S2n+1
jp
Q(Σ2np−3M(p)) Q(Σ2np−3M(p)) ∗ Q(Σ2np−2M(p))
(We note that much more subtle and sophisticated constructions are presented in [12].)
From this, we see immediately
Ωjp = Cn ◦Hn.
Now a corresponding algebraic study was given by Harper–Miller [17] using the odd-
primary lambda algebra [8] (whose minor sign mistake was corrected in [9]), which we
now recall.
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The odd-primary lambda algebraΛ is a differential bigraded (with the first grading given
by the filtration degree s and the second grading given by the total degree t) Fp-algebra
generated by λi of bidegree (1, qi), i > 1 and µi of bidegree (1, qi+ 1), i > 0, subject to
the following “Adem relations”:
λiλpi+k =
∑
j
(−1)j+1
(
(p− 1)(k− j)− 1
j
)
λi+k−j λpi+j ,
λiµpi+k =
∑
j
(
(−1)j+1
(
(p− 1)(k− j)− 1
j
)
λi+k−jµpi+j
+ (−1)j
(
(p− 1)(k− j)
j
)
µi+k−j λpi+j
)
,
µiλpi+k+1 =
∑
j
(−1)j+1
(
(p− 1)(k − j)− 1
j
)
µi+k−j λpi+j+1,
µiµpi+k+1 =
∑
j
(−1)j+1
(
(p− 1)(k− j)− 1
j
)
.
These relations show that the admissible monomials form a basis forΛ, where a monomial
in the λ’s and µ’s are called admissible if
• whenever λiλj or λiµj occurs, we have j < pi , and
• whenever µiλj or µiµj occurs, we have j 6 pi .
Furthermore, the differential d on Λ is defined by
dλk =
∑
j
(−1)j+1
(
(p− 1)(k − j)− 1
j
)
λk−j λj
dµk =
∑
j
(
(−1)j+1
(
(p− 1)(k− j)− 1
j
)
λk−jµj
+ (−1)j
(
(p− 1)(k − j)
j
)
µk−jλj
)
d(xy)= d(x)y + (−1)σ x d(y),
where σ = t − s, the second degree minus the first degree, is the stem degree of x . Notice
that all the terms in these differential formulae are admissible.
Now Λ is filtered by subcomplexes Λ(n), n > 0, defined as the subspace spanned by
admissible monomials beginning with λi for i 6 m or µi for i < m (respectively i 6m)
if n = 2m (respectively n = 2m + 1). Actually, Λ(n) turns out to be a subalgebra [17],
and it is the E1-term of an unstable Adams spectral sequence for Sn [8]. Similarly, Λ
was described as an E1-term of the stable Adams spectral sequence for S0 so that λpi
corresponds to (a nonzero multiple of) hi = [ξp
i
1 ].
To study the fiber of the double suspension map S2n−1 → Ω2S2n+1, Harper and
Miller [17] studied Λ(W(n)) := Λ(2n + 1)/Λ(2n − 1). (Note: In [17], this was simply
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denoted by W(n); we follow the notation of [54] here.) They have exhibited an additive
splitting
Λ
(
W(n)
)∼= λ¯nΛ(2pn− 1)⊕ µ¯nΛ(2pn+ 1),
under which, the short exact sequence of chain complexes
0→Λ(2n− 1)→Λ(2n+ 1) Hn−→Λ(W(n))→ 0
was characterized on admissible monomials by
Hn(ν)=
 λ¯nα if ν = λnα,µ¯nα if ν = µnα,
0 if else.
One of the ideas in [17] was to relate Λ(W(n)) to the Bousfield–Kan description of an
E1-term of the (stable) Adams spectral sequence [9] for M(p). Let A∗ denote the mod p
Steenrod algebra, graded nonpositively. For any spectrum X, regard H∗(X) as the natural
rightA∗-module. Then Bousfield and Kan [9] defined a twisted differential onH∗(X)⊗Λ
by
d(x ⊗ ν)= (−1)|x|
∑
i>0
xP i ⊗ λiν +
∑
i>0
xβP i ⊗µiν + (−1)|x|x ⊗ dν,
and noticed that the resulting complex, denoted byH∗(X)⊗˜Λ, is an E1-term of the Adams
spectral sequence abutting to pis∗(X). We now restrict our attention to the case X =M(p);
let y generate H1(M(p)) and x = yβ ∈H0(M(p)). Then it is noticed in [17] that there is
an inclusion of chain complexes
Cn :Λ
(
W(n)
)→H∗(M(p))⊗˜Λ,
defined by
λ¯nα + µ¯nν 7→ xα+ yν.
Finally, the algebraic composite of Harper and Miller
Λ(2n+ 1) Hn−→Λ(W(n)) Cn−→H∗(M(p))⊗˜Λ
was shown to realize the geometric composite of Cohen
Ωjp :Ω
3S2n+1 Hn−→W(n) Cn−→Q(Σ2np−3M(p)),
by Thompson (Proposition 2.23, Theorem 2.27 and Lemma 2.29 in [54]), using another
paper by Harper and Miller [18] and the technique of Mahowald [32,34] (see [32,34] for
the precise definitions of the resolution and the Adams resolution):
Theorem 4.6 [54]. There are maps of resolutions C•n :W(n)• → Q(Σ2np−3M(p))•,
covering Cn :W(n) → Q(Σ2np−3M(p)), and H •n :Ω3((S2n+1)•) → W(n)• , covering
Hn :Ω
3(S2n+1)→W(n), such that
(1) The resolutionW(n)• gives a spectral sequence to calculate pi∗(W(n)) with a (non-
canonical) isomorphism Es,t2 (W(n)•)∼=Hs,t(Λ(W(n))).
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(2) The resolution Q(Σ2np−3M(p))• coincides with the Bousfield–Kan resolution for
the Adams spectral sequence to calculate pis∗(M(p)) with
E
s,t
2
(
Q
(
Σ2np−3M(p)
)•)∼=Hs,t−2np+3H∗(M(p))⊗˜Λ
∼= Exts,t−2np+3A∗
(
Z/p,H∗
(
M(p)
))
.
(3) The resolution (S2n+1)• is the Adams resolution of S2n+1 with Es,t1 ((S2n+1)•) =
Λ(2n+ 1), constructed in [8], and Ω3((S2n+1)•) is its triple loop.
(4) The composite
Ω3
(
(S2n+1)•
) H •n−→W(n)• C•n−→Q(Σ2np−3M(p))•,
which covers
Ωjp :Ω
3S2n+1 Hn−→W(n) Cn−→Q(Σ2np−3M(p)),
and the composite of chain maps
Λ(2n+ 1) Hn−→Λ(W(n)) Cn−→H∗(M(p))⊗˜Λ,
induce the same map in the E2 (homology).
To exploit this result, we need some specific lambda algebra calculations related to ηj :
Lemma 4.7.
dλpj+1 =−λpj λ1 + λpj−p+1λp
+
∑
i>p+1
(−1)i+1
(
(p− 1)(pj + 1− i)− 1
i
)
λpj+1−iλi ,
where all the terms in the summation are admissible.
Proof. From the differential formula, we have
dλpj+1 =
∑
i>1
(−1)i+1
(
(p− 1)(pj + 1− i)− 1
i
)
λpj+1−iλi ,
where all the nonzero terms in the summation are admissible. Thus, it suffices to check the
following mod p identities:(
(p− 1)pj
1
)
≡−1,(
(p− 1)(pj + 1− i)− 1
i
)
≡ 0 (26 i 6 p− 1),(
(p− 1)(pj + 1−p)− 1
p
)
≡ 1.
However, these are very easy to see. 2
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Using this lemma, we can prove the following proposition, which is the final ingredient
needed to prove Theorem 4.3:
Proposition 4.8.
(i) H 2,q(pj+1)Λ∼= Z/p{λpj λ1}.
(ii) H 1,qp−1H∗(M(p))⊗˜Λ ∼= Z/p{λ˜p}, where λ˜p is the image of λp ∈ H 1,qp−1Λ
through the map induced by the inclusion Z/p→H∗(M(p)).
(iii) Set
Lj := λpj−p+1λp +
∑
i>p+1
(−1)i+1
(
(p− 1)(pj + 1− i)− 1
i
)
λpj+1−iλi .
Then H 2,q(pj+1)Λ(2(pj − p)+ 3)∼= Z/p{Lj }.
(iv) The two obvious maps from H 2,q(pj+1)Λ(2(pj − p) + 3) to H 2,q(pj+1)Λ and
H 1,qp−1H∗(M(p))⊗˜Λ, where the former is induced by the canonical inclusion
Λ(2(pj −p)+ 3)→Λ and the latter is induced by the composite of the canonical
quotient Hpj−p+1 :Λ(2(pj − p) + 3)→ Λ(W(pj − p + 1)) and the Harper–
Miller map Cpj−p+1, are both isomorphisms. More explicitly, these maps send Lj
to λpj λ1 and λ˜p , respectively:
Lj ∈H 2,q(pj+1)Λ(2(pj − p)+ 3)
C
pj−p+1◦Hpj−p+1
H 2,q(p
j+1)Λ 3 λpj λ1
λ˜p ∈H 1,qp−1H∗(M(p))⊗˜Λ
Proof. (i) This is taken care of in [29]. (ii) This is easy to see from Adem’s well-known
calculation of the Adams one line.
To prove (iii), consider the following commutative diagram:
0 0 0
0 B2,q(pj+1)(2(pj − p+ 1)+ 1)
i1
iB
B2,q(p
j+1)
i
pB Coker iB
iC
0
0 Z2,q(pj+1)(2(pj − p+ 1)+ 1)
p1
iZ
Z2,q(p
j+1)
p
pZ Coker iZ
pC
0
0 H 2,q(pj+1)Λ(2(pj − p+ 1)+ 1) iH H 2,q(pj+1)Λ pH Coker iH 0
0 0 0
Here B2,q(pj+1)(2(pj −p+1)+1) and Z2,q(pj+1)(2(pj −p+1)+1), respectively stand
for the boundaries and cycles of the complex Λ(2(pj − p+ 1)+ 1) with i1 the inclusion
map and p1 the quotient map onto the homology H 2,q(p
j+1)Λ(2(pj − p + 1)+ 1); the
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middle vertical sequence is defined similarly using the complex Λ, instead of Λ(2(pj −
p+1)+1), and iB , iZ , iH are, respectively the induced maps of the boundaries, cycles and
homologies; the right vertical sequence exhibits the induced maps between the cokernels.
All the maps are the obvious ones.
We now argue in the following order:
(a) i1, i, iB and iZ are all injective.
(b) Coker iB ∼= Z/p{dλpj+1}.
(c) The induced map iC : Coker iB→ Coker iZ is also injective.
Of course, (a) is trivial. To show (b) and (c), note that Coker iB is generated by dλpj+1.
Now, we see immediately from Lemma 4.7 that
dλpj+1 /∈Z2,q(p
j+1)(2(pj − p+ 1)+ 1),
which immediately implies (b) and (c) simultaneously. Then, from (a) and (c), we may
apply the 3× 3-lemma to our diagram to conclude
iH :H
2,q(pj+1)Λ
(
2(pj − p+ 1)+ 1)→H 2,q(pj+1)Λ∼= Z/p{λpj λ1}
is injective. Thus, (iii) will follow if we show Lj is a cycle and iH (Lj ) = λpj λ1. But
this is certainly so, as dλpj+1 makes Lj and λpj λ1 homologous in Λ, as was shown in
Lemma 4.7.
Finally, to prove (iv), it now suffices to show Lj is sent to λ˜p by the composite
Λ
(
2(pj − p)+ 3) Hpj−p+1 Λ(W(pj − p+ 1)) Cpj−p+1 H∗(M(p))⊗˜Λ
by (ii) and the proof of (iii). However, this too is an immediate consequence of Lemma 4.7
by the definition of the Harper–Miller map. 2
Now we are ready to complete our proof of Theorem 4.3:
Completion of the proof of Theorem 4.3. Suppose an odd-primary Mahowald ηj
element exists and is detected by h0hj ∈ Ext2,q(p
j+1)
A∗ (Z/p,Z/p). Without loss of
generality, we may assume ηj is detected by λpj λ1 ∈ H 2,q(pj+1)Λ. Now, we checked
using Lemma 4.5, ηj ∈ pisq(pj+1)−2(S0) comes from some element
η˜j ∈ pi(q(pj+1)−2)+2(pj−p)+3
(
S2(p
j−p)+3).
Then, by Theorem 4.6 and Proposition 4.8, jp(η˜j ) is detected by
λ˜p ∈H 1,qp−1H∗
(
M(p)
)⊗˜Λ∼= Z/p{λ˜p}.
Because of the mod p Hopf invariant one theorem [29,51], jp(η˜j ) ∈ pisqp−1(M(p)) cannot
be compressed to the bottom cell. Therefore, it is an extension of β1, as is claimed. 2
5. Some applications
In our previous paper [39,40], we studied some geometric condition which guarantees a
double transfer lift. We now recall the fundamental concept in [40]:
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Definition 5.1. Suppose X is a space. Then α ∈ pisn(X+) is called G.F. (= Geometrically
Flasque) if α has a framed bordism representative f :Mn→X such that
ΣMn 'ΣN ∨ Sn+1,
where N is the n− 1 skeleton of Mn.
Remark 5.2. Of course, if α is in the image of
pin
(
ΩΣ(X+)
)→ pin(Q(X+))' pisn(X+),
then it is G.F. But, usually the set of G.F. elements is much larger than this image.
For instance, when X is a point (i.e., the case of the framed bordism groups pisn(S0))
any element α ∈ pisn(S0) is G.F., since Kervaire and Milnor [25] showed that a framed
bordism representative of α can be taken to be either by a homotopy sphere or the Kervaire
manifold.
Then the following was proved as Theorem 2 in [40]:
Theorem 5.3. Consider the surjective composite
pis∗(J+)→ pis∗(J )→ pis∗(S0)(p),
where the first map is induced by sending the disjoint basepoint to a basepoint in J
and the second map is induced by the canonical map J :J → SG =Q1S0 ' Q0S0. Let
α ∈ pis∗(S0)(p) be neither Hopf invariant one, nor (possibly) the generator of the image J
in pis11(S
0)(3). Then, if α ∈ pis∗(S0)(p) has a geometrically flasque lift α˜ ∈ pisn(J+), it factors
through the double transfer.
Corollary 5.4. Let p = 3. Then, bj may be represented by a framed hypersurface only if
j 6 2.
Proof. This immediately follows from the above theorem and Theorem 3.1, as those
with framed hypersurface representatives are in the images of pi∗(ΩΣSO)→ pis∗(SO)→
pis∗(J )→ pis∗(S0)(p). 2
We now turn our attention to the odd-primary ηj family. We first notice the following
consequence of Theorem 4.1:
Proposition 5.5. Suppose an odd-primary ηj element exists. Then there exists a stable
map
η¯j :S
q(pj+1)−2→ P (q(pj+1)−2)−(qp−2)= Pq(pj−p+1),
whose composite with the canonical pinch map Pq(pj−p+1)→ Sq(pj−p+1) is a nonzero
multiple of β1.
Furthermore, any such η¯j is detected by the Hurewicz map with respect to the spectrum
EOp−1 of Hopkins and Miller [19].
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Proof. The first claim follows immediately from Theorem 4.1 and the commutativity of
the James–Hopf invariants [27,11]:
Ω2(p
j−p)+1W(pj − p+ 1)
Ω2(p
j−p)+1C
pj−p+1
Ω2(p
j−p)+1S2(pj−p)+1
jp
Ω2(p
j−p)+3S2(pj−p)+3
jp
ΩQ(Σq(p
j−p+1)M(p)) Q(Pq(pj−p)) Q(Pq(pj−p+1))
ΩQ(Sq(p
j−p+1))
The second follows immediately from the fact that the EOp−1 Hurewicz map of S0
detects β1 [19]. 2
Remark 5.6. The above proposition exhibits a difference between the 2-primary Ma-
howald’s ηj elements and hypothetical odd-primary ηj -elements. This is essentially be-
cause the KO-Hurewicz map
pis∗(S0)→ KO∗(S0)
does not detect ν, whereas the EOp−1-Hurewicz map does detect β1 (recall that EOp−1
was defined so as to be an odd-primary analogue of KO).
This difference may represent the difficulty of constructing the odd-primary ηj elements.
Comparing the well-known fact
There exists θj such that pθj = 0⇒ ηj−1 also exists (5.1)
with the first table in the introduction, we wonder if the converse⇐ holds in (5.1) or not.
While the 2-primary case is obviously very difficult (as it would claim the existence of the
Kervaire invariant one element θj ), the odd-primary case would claim that the odd-primary
ηj element do not exist. In particular, since the Ravenel’s nonexistence theorem [48] of θj ’s
for p > 5 is subsumed in the Hopkins–Miller construction of EOp−1 [19], we wonder if
the EOp−1 technology could impose any restriction on the existence of the odd-primary
ηj ’s or not.
In the direction of Remark 5.6, we ask
Question 5.7. Can (EOp−1)∗(EOp−1)-operations impose any restrictions on such a η¯j ∈
pis∗(P q(p
j−p+1)) as in Corollary 5.5? More generally, can we impose any useful restriction
on the EOp−1-Hurewicz image
pis∗(P q(p
j−p+1))→ (EOp−1)∗(P q(pj−p+1)),
using (EOp−1)∗(EOp−1)-operations?
This may be regarded as the odd-primary analogue of [32], with respect to some kind of
J -spectrum for EOp−1. We remark that the recent result of [6] suggests the essential object
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of our study should be Pp−1(S2s+1), not the projective space, which is P 1(S2s+1); see [6]
for the definition. However, the difficulty of the calculations would inevitably increase.
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Appendix A
The argument used to prove Theorem 4.1 can be used to give a short proof of the well-
known result of Mahowald [30] that the 2-primary original Mahowald’s ηj ∈ pis2j (S0)
element [31] always shows up in S2j−2 with Hopf invariant ν ∈ pi2j+1−2(S2j+1−5) ∼=
pis3(S
0), where the Hopf invariant here refers to the usual one with respect to the EHP-
sequence:
S2
j−3 E→ΩS2j−2 H→ΩS2j+1−5.
Since the 2-primary lambda algebra fits very naturally with the EHP-sequence, this case is
easier than the odd-primary case.
Recall that, in the 2-primary lambda algebra Λ [8], a monomial λi1λi2 · · ·λis ∈ Λ is
called admissible if 2λir > λir+1 for 16 r < s. Let Λ(n)⊆Λ be the subcomplex spanned
by the admissible monomial with i1 < n. We now summarize some global 2-primary
results:
Theorem A.1.
(i) Sn → Q(Sn) j2−→ Q(ΣnPn) is homotopic to a fibration through dimensions <
3n− 3.
(ii) There is a short exact sequence of complexes
0→Λ(n)→Λ(n+ 1) H−→ΣnΛ(2n+ 1)→ 0,
where H is defined on an admissible monomial ν by
H(ν)=
{
α if ν = λnα,
0 if else.
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Furthermore, this long exact sequence corresponds to the EHP sequence associated
with the James fibration
Sn→ΩS2n+1 H→ΩS2n+1.
In fact, (i) is due to Toda [58] and Milgram [36], and (ii) is proved in [8]. Next, we list
some specific results relevant to ηj :
Proposition A.2. The inclusion P 2j−3→ P induces a surjection
j2j (P
2j−3)→ j2j (P )∼= Z/2⊕Z/2,
where these two summands correspond to ηj and the image J element.
Proposition A.3.
dλ2j+1 = λ2j−1λ1 + λ2j−3λ3 +
∑
i>5
(
2j + 1− i
i
)
λ2j+1−iλi−1,
where all the terms in the summation are admissible.
In fact, Proposition A.2 is a very special case of the calculation in [32, pp. 98–100], and
Proposition A.3 follows immediately from Wang’s formulation [59] of the boundary of the
2-primary lambda algebra:
dλ2j+1 =
∑
i>1
(
2j + 1− i
i
)
λ2j+1−iλi−1.
Now consider the following diagram
pis2j (S
0) pi2j+1(QS1)
j2
pi2j+1−2(QS2
j−2)
j2
pis2j (P
2j−3) pis2j (P ) pi
s
2j (P2j−2)
∼=
j2j (P
2j−3) j2j (P ) j2j (P2j−2)
where the lower right vertical map is an isomorphism because the first non trivial homotopy
group of the cokernel J spectrum, i.e., the fiber of the j -Hurewicz map S0→ j is θ2 ∈
pis6(S
0). Then, from this diagram and Proposition A.2, we immediately see pis2j (P
2j−3)→
pis2j (P ) is onto.
On the other hand, Proposition A.3 enables us to obtain the following 2-primary
analogue of Proposition 4.8:
Proposition A.4.
(i) H 2,2j+2Λ∼= Ext2,2j+2A∗ (Z/2,Z/2)∼= Z/2{h1hj }.
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(ii) H 1,4Λ(2j+1 − 5)∼= Ext1,4A∗(Z/2,Z/2)∼= Z/2{h2}.(iii) Set
Lj := λ2j−3λ3 +
∑
i>5
(
2j + 1− i
i
)
λ2j+1−iλi−1.
Then H 2,2j+2Λ(2j − 2)∼= Z/2{Lj }.
(iv) The two obvious maps fromH 2,2j+2Λ(2j −2) toH 2,2j+2Λ andH 1,4Λ(2j+1−5),
where the former induced by the canonical inclusion Λ(2j − 2)→ Λ and the
latter induced by H , are both isomorphisms. More explicitly, these maps send
Lj to λ2j−1λ1 (which corresponds to h1hj ) and λ3 (which corresponds to h2),
respectively.
Now the proof is complete just as that of Theorem 4.1.
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